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Abstract 

We first derive all world-sheet action functionals for NSR superstring models 
with (1,1) supersymmetry and any number of abelian gauge fields, for gauge trans- 
formations of the standard form. Then we prove for these models that the BRST 
cohomology groups H 9 (s), g < 4 (with the antifields taken into account) are iso- 
morphic to those of the corresponding bosonic string models, whose cohomology is 
fully known. This implies that the nontrivial global symmetries, Noether currents, 
background charges, consistent deformations and candidate gauge anomalies of an 
NSR (1,1) superstring model are in one-to-one correspondence with their bosonic 
counterparts. 



PACS: ll.25.-w, 11.30.Pb; keywords: superstring, BRST cohomology 



1 Introduction and conclusion 



We present in this paper a BRST cohomological analysis of superstring models in the 
NSR formulation with local (1,1) supersymmetry The class of models under 

study is quite general since it is characterized only by requirements on the field content 
and the gauge symmetries. The field content is given by the component fields of three 
types of supersymmetry multiplets: the 2d supergravity multiplet, 'matter multiplets' 
containing the 'target space coordinates', and abelian gauge field multiplets. The num- 
ber of matter multiplets and gauge field multiplets is not fixed, i.e., our results apply 
to any target space dimension (1,2, . . . ) and an arbitrary number (0,1, ... ) of abelian 
world-sheet gauge fields. The supersymmetry transformations are obtained from an 
analysis of the Bianchi identities of 2d supergravity in presence of abelian gauge fields. 

The first part of our analysis is the determination of all local world-sheet actions 
compatible with these requirements, using the standard form of the gauge transforma- 
tions (the question whether or not these transformations can be nontrivially deformed 
is a matter covered by the investigation in the second part of the paper, cf. comments at 
the end of section [O]) . This analysis is accomplished by a cohomological computation in 
the space of local functions which do not depend on antifields (this is possible because we 
use a formulation in which the commutator algebra of the gauge transformations closes 
off-shell). Its result has been reported and discussed already in Q: when abelian gauge 
fields are absent, the cohomological analysis reproduces the general superstring action 
found already in Q; in presence of abelian gauge fields, it yields locally supersymmetric 
extensions of the purely bosonic actions derived in [^,||] and may be interpreted in terms 
of an enlarged target space with one 'frozen' extra dimension for each gauge field. In 
particular there are locally supersymmetric actions of the Born-Infeld type among these 
actions [||. 

In the second part of the paper we analyse the local BRST cohomology H (s) for 
the models whose world-sheet actions were determined in the first partQ. Here and 
throughout this paper H(s) denotes the cohomology of the BRST differential in the 
space of local functions which neither depend explicitly on the world-sheet coordinates 
nor on the world-sheet differentials, but only on the fields, antifields and their derivatives. 
This cohomology is the most important one for the models under study because the 
other local BRST cohomology groups can be easily derived from it. This is due to the 
invariance of the models under world-sheet diffeomorphisms, owing to a general property 
of diffeomorphism invariant theories discussed in detail in sections 5 and 6 of ]ll]] (see 
also 0-0). 

In particular, H(s) yields directly the cohomology in form-degree 2 of s modulo 
the "world-sheet exterior derivative" d. ^] This cohomology is the most relevant one 
for physical applications and denoted by H 9 ' 2 (s\d), where g specifies the ghost number 

1 The action is needed to fix the BRST transformations of the antifields. s denotes the BRST differ- 
ential in the jet space associated with the fields and antifields . Our analysis is general except for a 
very mild assumption (invertibility) on the "target space metric" , see section [| 

2 Actually d is defined on the jet space of the fields and antifields [JfC|. 



1 



sector. Cocycles of H 9,2 (s\d) are denoted by co 9,2 and the cocycle condition is 

soo 9 ' 2 + du a+1 ' 1 = 0, (1.1) 

where uj 9+1,1 is some local 1-form with ghost number g + 1. uj 9,2 is a coboundary in 
H 9 ' 2 (s\d) if uj 9 ' 2 = soJ 9 - 1 ' 2 + du; 9 ' 1 for some local forms u 9 ' 1 ' 2 and uj 9 ' 1 . H 9 ' 2 (s\d) 



is related to H(s) through the descent equations as explained in 1 11 — 14 1 . The phys- 
ically interesting cohomology groups H 9 ' 2 (s\d) are those with ghost numbers g < 2: 
H~ 1,2 (s\d) yields the nontrivial Noether currents and global symmetries [lll|, H°' 2 (s\d) 



and H 1,2 (s\d) determine the consistent deformations [16|, background charges |17|] and 
candidate gauge anomalies (see, e.g., The corresponding cohomology groups of s 

are H 9 {s) with g < 4. They are the objects of our second main result: we shall prove 
that these cohomology groups are isomorphic to their counterparts in the correspond- 
ing bosonic string models^ [the bosonic model corresponding to a particular superstring 
model is obtained from the latter simply by setting all fermions to zero in the world- 
sheet action]. Furthermore, the correspondence is very explicit: the representatives of 
the s-cohomology of a superstring model are simply extensions of their "bosonic" coun- 
terparts, i.e., they contain the representatives of the s-cohomology of the corresponding 
bosonic string model and complete them to s-cocycles of the superstring model [anal- 
ogously to the superstring action itself, which contains the bosonic string action and 
completes it to a locally super symmetric one]. 

This result provides a complete characterization of the cohomology groups H 9 (s), 
g < 4 because the cohomology H(s) for the bosonic string models has been completely 
determined in [jl9| (ordinary bosonic strings) and Q (bosonic strings with world-sheet 
gauge fields). Owing to the correspondence of H 9 ' 2 (s\d) and H(s) mentioned above, it 
implies, in particular, that the nontrivial Noether currents, global symmetries, consistent 
deformations, background charges and candidate gauge anomalies of an NSR superstring 
model with (1,1) supersymmetry are in one-to-one correspondence with those of the 
bosonic string model. The results for the bosonic models were derived and discussed in 
detail in [|,|,[l7|,|]]|f|J. We shall not repeat or summarize them here. 

We find the result quite remarkable and surprising since it means that the local (1,1) 
supersymmetry of the models under study has no effect on the structure of the cohomol- 
ogy at all. We note that our analysis and result applies analogously to heterotic strings 
with local (1,0) supersymmetry (by switching off one of the super symmetries). However, 
we do not expect that it extends to superstrings with two or more local supersymmetries 
of the same chirality, such as heterotic strings with local (2,0) supersymmetry. These 



supersymmetries restrict already the world-sheet action to special backgrounds [21 — 23 1 . 
Accordingly, we expect that the local BRST cohomology of such superstring models is 
"smaller" than the one for corresponding bosonic strings. 

The paper is organized as follows. In section ^ we specify the field content and the 
gauge and BRST transformations of the fields. In section ||| we construct field vari- 
ables (jet space coordinates) which are well suited for the cohomological analysis. This 

3 We believe that the isomorphism extends to all higher ghost number sectors as well since most parts 
of our proof (in fact, everything except for the case-by-case study in appendix |b|) hold for all ghost 
numbers. 
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involves the super-Beltrami parametrization for the gravitational multiplet and a con- 
struction of super confer mal tensor fields for the matter and gauge multiplets. In section 
|I| we determine the most general action for the field content and gauge transforma- 
tions introduced before by computing H 2 (s) in the space of antifield independent local 
functions. This completes the first part of our analysis. In section || we introduce the 
antifields, give their BRST transformations and extend the superconformal tensor cal- 
culus by constructing superconformal antifield variables. The next two sections contain 
the derivation of our second result: in section ^ we define and analyse an on-shell BRST 
cohomology H(a); in section [7| we show that H 9 (a) is isomorphic to H 9 (s) and to the 
cohomology of the corresponding bosonic string model when g < 4. Some details of the 
analysis of sections || and ^ are collected in the appendices [A| and |B|. The remaining 
appendices give a short summary of the derivation of the gauge transformations from 
the supergravity Bianchi identities and contain a collection of the s-transformations of 
the covariant (= superconformal) field and antifield variables. 



2 Field content and gauge symmetries 

The field content of the models we are going to study is given by the supergravity 
multiplet consisting of the vielbein e,^, the gravitino Xm an d an auxiliary scalar field 
5.0 Furthermore we consider a set of scalar multipets {X M , ip^ 1 , F M } corresponding to 
the string "target space coordinates" and their superpartners and a set of abelian gauge 
multiplets {A l m , X l a ,(j) 1 }. On Minkowskian world-sheets all fields are real and the fermions 
are Major ana- Weyl spinors. The number of scalar multiplets and gauge multiplets is not 
specified, i.e. our approach covers any number of such fields. As gauge symmetries we 
impose world-sheet diffeomorphisms, local 2d Lorentz transformations, Weyl and super- 
Weyl transformations and of course local (1,1) world-sheet supersymmetry. Furthermore 
we require invariance under abelian gauge transformations of the A l m and under arbitrary 
local shifts of the auxiliary field S. The gauge symmetries entail the corresponding ghost 
fields, which fixes the field content to 

$ A = {e£,Xr%,S,X M ,i,M,F M ,Al,\i,cf>\C,e,C a \C w ,r l a ,W,c i }, 

where £ m denote the world sheet diffeomorphism ghosts, £ a are the supersymmetry 
ghosts and C ab is the Lorentz ghost. C w and rj a are the Weyl and super- Weyl ghosts, 
respectively. & are the ghosts associated with the U(l) transformations of the gauge 
fields and W denotes the ghost corresponding to the local shifts of the auxiliary field S. 
The gauge transformation of the supergravity multiplet written as BRST transforma- 
tions are 

se m = ^ n dn^m + (9 m £ n )e n a — 2i^ a x m in a C) a p + C^e^ + C w 

SX« = ednX£ + (d m nXn a + Vrne-\ee*S{ la )p a + \C W X« 

sS = e i d n S-4C(l,C) i a e nm V nXr : + ^{l m C) iaX ^S - C w S + W, (2.1) 

4 m,a,a denote 2d world-sheet, Lorentz and spinor indices, respectively. 



3 



where C a p is the charge conjugation matrix satisfying — { r y a ) T = C~ l {^ a )C. 7* is 
defined through = r] ab l + s ab j* and e 01 = £10 = 1. V m denotes the Lorentz 

covariant derivative 

in terms of the Lorentz generator l ab and the spin connection 

U[mn]k = ekdd[n e m\ ~ '^XnlkXm, E a me m = 5 a ■ ( 2 - 2 ) 

The BRST transformations of the scalar multiplets read 
sX M = ^m dmX M + ^M 

sijg = Cd m ^ -^(l m C) Pa {d m X M -x2^) + ^C Pa F M 

sF M = Cd m F M + r(7 m )/{V m < + \x2il n C)^{d n X M -xM) 

-X2C 1P F M }-C W F M . (2.3) 

The BRST transformations of the U(l) multiplets are 

s\ l p = Cdn^p + r (i(7*C) a/3 £ m "(d m < + XmlnX ~ i%n7*CW) 

+\ C ab eMj^ + 2 V a (^C) a ^ i - § C w \ l p 
S -A m = C 9 n A m + (<9 m £ )A n + d m c l 

-2irxi(7*C)^^ - r(7m)/A^. (2.4) 

These transformations were obtained by analyzing the 2d supergravity algebra in pres- 
ence of the scalar matter and gauge multiplets |24j analogously to the superspace analysis 
of p3]. A short summary of the analysis is given in appendix [C]. In the supergravity 
sector we used the constraints 

T a(3 a = 2i( 7 a C) a/3 , T ab c = TV = ( 2 -5) 

and in the U(l) sector 

F*p = 2i(^C) a ^. (2.6) 
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All constraints are conventional, i.e., can be achieved by redefinitions of the connections. 
The transformations of the ghosts are such that the BRST differential s squares to zero, 



sC ab = Cd m C ab - iefS(^C) aP e ab -ief{l m C)p a oj» b -2^e{l*C) aP e ah 

sv° = Cd n ri a - \C ab ^eM p a + \e(l n )p a [\d n C w -^(xnC),) 
-\C w r, a + i a W 

sW = ed n W-Ai^{ 1 m C) Pa {V mV a -lx^W-lxr2(l n )j a (dnC w )) 

-^XrZd^CU^UnC), - C W W 

sc i = cd m c i +\ee{i*c) a ^ - iee^cu^. (2.7) 

We remark that the use of Weyl, super- Weyl and Lorentz transformations, as well as 
the shift symmetry associated with the auxiliary field S are artefacts of the formulation 
and disappear in an equivalent formulation based on a Beltrami parametrization of the 
world-sheet zweibein (see sections ^ and |j) . Of course we could have used the Beltrami 
approach from the very beginning, but we decided to start from the more familiar 
formulation presented above. 



3 Superconformal tensor calculus 

The first part of our cohomological analysis consists in the construction of a suitable 
"basis" for the fields and their derivatives (more precisely: suitable coordinates of the 
jet space associated with the fields). The goal is to find a basis {u ,v ,1V 1 } with as 
many s-doublets (u ,v ) as possible and complementary (local) variables w 1 such that 
sw can be expressed solely in terms of the w's, i.e., 

si/ = v e , sw I = r I (w). (3.1) 

On general grounds, such a basis is related to a tensor calculus [^,^6, 27]. In the 
present case the tensor calculus is a superconformal one, generalizing the conformal 
tensor calculus in bosonic string models found in [|l^] (see also ||). The w's with ghost 
number 1 are specific ghost variables corresponding to the superconformal algebra, the 
ui's with ghost number are "superconformal tensor fields" on which this algebra is 
represented. 



3.1 Super-Beltrami parametrization 

The superconformal structure of the models under consideration is related to the super- 
symmetric generalization of the so-called Beltrami parametrization 1 2S|, 2£ ] . Beltrami 
differentials parametrize conformal classes of 2d metrics, and this makes them natural 
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quantities to be used as basic variables in the present context. Since Beltrami differen- 
tials change only under world-sheet reparametrizations but not under Weyl or Lorentz 
transformations, their use leads to a simpler formulation of the models under study (cf. 
remarks at the end of section ^, and in section . In the following we choose a Euclidean 
notation and parametrize the worldsheet with independent variables z and z rather than 
with light cone coordinates, because this simplifies the notation and avoids some factors 
of i.Q 

As it is not hard to guess the supersymmetric generalization of the Beltrami 
parametrization involves in addition to the bosonic Beltrami differential fi a fermionic 
partner a, the Beltramino. The starting point is the parametrization of the vielbein 

e z = (dz + dzfj,/)e z z 

e z = (dz + dzfi z z )e/. (3.2) 
The coefficients fi/ and \i* are the Beltrami differentials 

e- z 

A := M/ = £ 4, (3-3) 

whereas the factors e z and e s z are referred to as conformal factors. One should note that 
the Beltrami differentials transform under diffeomorphisms but do not change under 
Weyl or Lorentz transformations. The latter "structure group transformations" are 
carried solely by the conformal factors which form s-doublets (?/, v e ) with ghost variables 
substituting (in the new basis) for the Lorentz ghost and the Weyl ghost. 

The fermionic superpartners of the Beltrami differentials are suitable combinations 
of the gravitino fields 

5" (Xz 1 ~ fixi) ■ (3-4) 



a := 

The Beltraminos are also invariant under structure group transformations. Especially 
they do not change under super- Weyl transformations. Again one can find comple- 
mentary combinations of the gravitinos forming s-doublets with ghost variables that 
substitute for the super-Weyl ghosts. The fact that Weyl, Lorentz and super- Weyl 
ghosts (and not just their derivatives) occur in s-doublets as we just described reflects 
that Weyl, Lorentz and super-Weyl invariance are artefacts of the formulation. 

The Beltrami parametrization involves also a redefinition of the diffeomorphism 
ghosts, sometimes called the Beltrami ghost fields. This again has to be supplemented 



5 Note that reality conditions of spinors are subtle after Wick rotation to Euclidean space: In our 
left-right symmetric case of (1,1) supersymmetry we could define (ip)* = tp and work with manifestly 
real actions, but obviously this would not be possible for heterotic theories. This is, however, irrelevant 
in our algebraic context. 
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with a redefinition of the super symmetry ghosts. The new ghost variables, which replace 
the diffeomorphism ghosts £ z and £ 5 and the supersymmetry ghosts £ and £ 2 are 



V 
V 

e 



(e+^e 



1 fc l 

2 



V C 2 

V 2 

In terms of the new ghost variables the BRST transformations of "right-moving" and 
"left-moving" quantities decouple from each other [28|, 

s/i = (<9 — fid + (<?//)) r\ + as 

sa = (2d — 2/j.d + (d/j,)) e + t]da + \ adrj 

sr] = rjdr/ — ee 

se = T]dE — \ sdr), (3.6) 



with analogous transformations for the right movers. 



3.2 Superconformal ghost variables and algebra 

We have now paved the road for the construction of field variables {u^t/,?//} fulfilling 
([3.1|), In fact we have already identified some s-doublets (u , v ), namely the u's given by 
the conformal factors and their fermionic counterparts and the corresponding u's given 
by ghost fields substituting in the new basis for the Weyl, Lorentz and super- Weyl ghosts. 
Furthermore, the field S obviously forms an s-doublet with a ghost field substituting 
for W. The derivatives of these it's and v's form s-doublets as well. The Beltrami 
differentials fj,, p, and their derivatives are u's too. From ( p.6p one observes that s/j, 
and sp, contain derivatives drj and df\ and of the reparametrization ghosts, respectively. 
Taking derivatives of these transformations, one sees that the m-th derivatives of the 
Beltrami differentials pair off with ghost variables that substitute in the new basis for 
all (m + l)-th derivatives of the reparametrization ghosts except for d m+1 7] and d m+1 f). 
Analogously, the s-transformations of the Beltraminos contain derivatives ds and ds of 
the supersymmetry ghosts. Thus the m-th derivatives of a and a pair off with ghost 
variables substituting for all (m + l)-th derivatives of e and e except for d m+1 E and 
d m+1 £. We introduce the following notation for those ghost variables which do not sit 
in s-doublets: 

{C N } = { V P,f,EP +1 2,EP +1 2 :p = -1,0,1,...}, (3.7) 
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with 

e p+1 2 = —L—d p+1 e 
(p + 1)! 

= J^d^e. (3.8) 

These ghost variables fulfill the requirement imposed in (|3.l[) on io's. Indeed, using 
fl3.6|), one easily computes their ^-transformations: 

= l^V^-^^-i^^ (3.9) 

— -^rfe f cp + 2 e V^fpc 
= - e v(f-c)^ +c . (3.10) 

The /'s which occur in these transformations are the structure constants of a graded 
commutator algebra of operators A at to be represented on tensor fields constructed of 
the component fields of the matter and U(l) multiplets, 

{A N } = {L p , L p , G 1 , G , 1 :p = -1, 0, 1, . . . }. (3.11) 

p + 2 p+ 2 

This graded commutator algebra is nothing but the NS superconformal algebra 

[L p , Lg] = (p — q)L p+q , {G a , Gb} = 2L a+b , [L p , G a ] = — aj G p+a , (3.12) 

with the analogous formulas for the Z's and G"s and the usual property that the holo- 
morphic and antiholomorphic generators (anti-)commute, 

[L p ,L q } = 0, {G a ,G b } = 0, 
[L p ,G a ]=0, [L p ,G a ] = 0. 

The representation of this algebra on superconformal tensor fields, and the explicit 
construction of these tensor fields, will be given in the following subsection. 

3.3 Superconformal tensor fields 

We shall now summarize the representation of the algebra ( |3.12j ) on superconformal ten- 
sor fields constructed of the fields and their derivatives (the representation on antifields 
is discussed in section ||) such that the BRST transformation of these tensor fields reads[] 

sT = y (rfL v + ffl v + e p+ h G 1 + e p+ ^ G 1 ) T. (3.13) 

p>-l V Z Z / 



3 T stands for any of these superconformal tensor fields; 77's and e's are the ghost variables (3.5) 
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The superconformal tensor fields corresponding to the fields X , ip^ , F and their 

(m,n G {0,1,2,...}). Here the 



F 



derivatives are denoted by X^ n , ip^m & 
subscripts to, n denote the number of operations L_i and L_i acting on X^ , V'ooj V'ooj 
Fqq, respectively (L_i and L-\ will be identified with covariant derivatives, see below), 



vM 
A 0,0 



X M , < = (e//2)^f, < = (e//2)2 < , fj* ee A ( e /)2 (e/)2 F 



<,iW 



Ai 



(m,n G {0,1,2,...}) etc. 



The representation on these tensor fields can be inductively deduced from the algebra 
( [3.12 ) using that all operations L m , L m , G a , G a vanish on Xqq except for L_i, 
G_i/2 and G , _ 1 / 25 with GL^^o o = ^oo an d ^-1/2^00 = ^00 ( as can b e re& d off from 
sX M ). This gives on X^ n : 



T Y M 



T X M 



G ,1 

P+7 



M 



(m—p- 




-1)! 


n! 




(n-q- 






m! 




(m—p- 




-1)! 


n! 





X 



Ai 



X 



Ai 



G 1 X, 

<?+9 



Ai 



{n-q-l)\ 





\M 



'.M 

m,n—q—l 



for p < m 
for p > m 

for q < n 
for q > n 

for p < m 
for p > m 

for g < n 
for g > n 



The action on the other fields is then easily obtained using 

[L P ,G i] = i (p + l)G 1, {G i,G 1} 

~2 p ~2 p +2 ~2 

and the analogous formulas for L and G in ( 3.12| ). One obtains 



Lp^n 



G , it 



Ai 



p+o 



G 



1 ip. 
1+2 



M 
m,n 



T ih M 
^q'rm^n 



T T? M 
±J P r m,n 



G jf, 

P+2 



M 
m,n 



(m—p)! 





p + i (p + 1)) ^ 



M 

m— p,n 



- 2L p 

for p < m 
for p > m 



tX, 



M 



(m-p—iy. rn-p,n 





(n-q-1)! m,n— g— 1 







Ai 



(n-g— 1)! ^m,n~q 




for p < m 
for p > m 

for q < n 
for q > n 

for g < n 
for q > n 



j^y.{m-p+\(p+l))F^ n 







for p < m 
for p > m 



Ai 



(m-p-1)! rm-p,; 




for p < m 
for p > m 
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and analogous formulas for L's, G's, -L's and G"s acting on and L's and G"s acting 



on 



The relation to the fields and their derivatives is established by identifying the op- 
erations L_i and L—\ with covariant derivatives T> and T> along the lines of p 



L_i = V 



1 



1 -/i/2 
1 

1 - A*A* 



d- fid- ]T(M% - p,M p L p ) - Y,( Aa Ga - fiA a G a ) 

p>0 a 

3-1,8- Y,( mPl p ~ VM P L P ) - Y,( AaG a ~ ^ a G a ) 

p>0 a 



(3.14) 



where 



MP 



A P+ 2 



i 



(P+l)!2 



a, 



A P+ 2 



— l 3 p+1 a 



One readily checks that these formulas result in local expressions for the superconformal 
tensor fields and their ^-transformations. Introducing the following notation for the 
lowest weight superconformal matter fields 



X 



M 



M 



L 0,0 > Y — YOfl ) W — ^0,0 J 1 — ^0,0 5 

one gets in particular the following super covariant derivatives 

1 



(3.15) 



VX 



M 



M 



M 



1 


- MM 




1 


1 


- MM 




l 


1 


- MM 



(9 - fld)X M - \ a$ M + i M"^ 



(9 - Md)V> M + | fl(d^ M + \ aP M + i /iaPX 
(5 - /id)</> M - i (pii)i) M - A aVX M - \ iiaF M 



M 



(3.16) 



and analogous expressions for VX M , T)^) M and T>^) M . We do not spell out higher 
order covariant derivatives explicitly because it turns out that they do not contribute 
nontrivially to the cohomology. The BRST transformations of the superconformal tensor 
fields are summarized in appendix |D[ 

The construction of the superconformal tensor fields arising from the gauge multi- 
plets is similar, once one has identified the suitable ghost variables and the lowest order 
tensor fields. The gauge fields A l m and their symmetrized derivatives <9( mi . . . d mk A l m ^ 
(k = 1, 2, ... ) form s-doublets with ghost variables that substitute for all the derivatives 
of the ghosts c\ Therefore one expects that only the undifferentiated ghosts c* give rise 
to w- variables. Promising candidates for these w- variables are ghost variables C l of the 
same form as in the purely bosonic case H, 



C i = c i + £m A i 



(3.17) 
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The s-transformations of the gauge fields, written in terms of C l , and of the C l them- 
selves read 



s A % m — £, n (dnA l m d m A % n ) + d m C % ^ a Xm^a/3 fC^oa 

sC i = c n C{^-^) + lC'^ + C n ^x^ + c R eK ta (3-18) 

where we used notation of appendix ^. Since we expect C % to count among the u>'s, its 
s-transformation should involve only w's again, see (|3.1|), This suggests a strategy to 
determine the superconformal tensor fields corresponding to the undifferentiated fields 
and to the field strengths of A l m : one tries to rewrite sC l in ( p. 18 ) in terms of the 



ghost variables (3.8) and to read off from the result the sought superconformal tensor 



fields. This strategy turns out to be successful; one obtains 
where 



4,0 = Ve/e*¥ 



H,o = -^{^^(drnK-dnA^ + ^aX'-lflal'-laacp'). (3.19) 

An explicit computation shows that the s-transformations of these quantities are indeed 
of the desired form ( |3.13 ), with 



A ,o = G_ i0 o ,o, \ i = G_ i^o, ^o,o = G_iG_ i0o,o- (3-20) 



It is now straightforward to construct, along the previous lines, variables (ft l mn , \ % mr , ■ 
Kn n i n on which the algebra fl3.12|) is represented and (|3.13j ) and (|3.14j) hold. We do 
not spell out these tensor fields (with m or n different from 0) explicitly because it turns 
out that they do not contribute nontrivially to the cohomology. The resulting BRST 
transformations are summarized in appendix [D| too. 

We introduce the following notation for the lowest order (i.e. lowest weight, see 
below) superconformal tensor fields arising from the gauge multiplet: 



y 0,0 ) 



^ = A o,o ' ^ = A o,o ) F = ^o,o • (3.21) 



Again tensor fields of higher order will be denoted by T>(p l , T>T>(fi l etc. but as 

already stated above their explicit form will not be needed. 

4 Action 

We shall now determine the most general action for the field content and gauge transfor- 
mations specified in section |2| The action has vanishing ghost number and is independent 
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of antifields. Furthermore the requirement that the action be gauge invariant translates 
into BRST invariance up to surface terms. The integrands of the world-sheet actions we 



are looking for are thus the antifield independent solutions lo 0,2 of equation (1.1). They 
are related through the descent equations to the solutions of 

SUJ = 0, UJ ^ Sib, 

gh (to) = 2, agh (w) = agh (&) = (4.1) 

where gh is the ghost number and agh is the antifield number (="antighost number", 
see section |B| for the definition). In the previous section we have constructed a basis 
for the fields and their derivatives satisfying the requirements of (|3.1[ ). By standard 
arguments this implies that to and (b can be assumed to depend only on the w 1 , i.e., on 
superconformal tensor and ghost fields introduced in section HQ Furthermore we can 
restrict the investigation to functions u and u) with vanishing "conformal weights" by 
an argument used already in |], [OJ: we extend the definition of Lq and Lq to all tu's 
(including the ghost variables) by 



{'•im} w ' =L ° w '<{"-m)} w ' =l ° w '- <«> 



Hence, in the space of local functions of the io's the derivatives with respect to dr/ and 
df) are contracting homotopies for Lq and Lq, respectively, and the cohomology can be 
nontrivial only in the intersection of the kernels of Lq and Lq. 

All u>'s are eigenfunctions of Lq and Lq with the eigenvalues being their "confor- 
mal weights". The only w 1 with negative conformal weights are the undifferentiated 
diffeomorphism ghosts rj, f) and the undifferentiated supersymmetry ghosts e, e; their 
conformal weights are (—1,0), (0,-1), (—1/2,0) and (0,-1/2), respectively [here (a, 6) 
are the eigenvalues of (Lq,Lq)]. The only superconformal tensor fields with vanishing 
conformal weights are the undifferentiated X M . These properties simplify the analysis 
enormously. 

Our strategy for finding the solutions to Q4.1| ) will be based on an expansion in 
supersymmetry ghosts 



k 

UJ = 

S2 + S! + sq , [N £ + Ng, s k ] = ks k , (4.3) 



, (N E + N g )u) k = kio k 



where we have introduced the counting operator N £ for the susy ghost e and all its 
derivatives 

"■-T,^')eh <44) 

n>0 v ' 



7 The it's and v's contribute only "topologically" via the de Rham cohomology of the zweibein manifold 
to the a-coh omo logy, cf. theorem 5.1 of In particular they do not contribute nontrivially to the 

solutions of (|4.l[). 
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and analogously Ng counts e and derivatives thereof.^ One observes that S2 is the 
simplest piece in the above decomposition of s. It acts nontrivially only on the 
reparametrization ghosts 77, fj, derivatives thereof and on C'\ 

S2T] = —EE , S2fj = —EE , S2C 1 = ££(j) 1 . 

We shall base the investigation on the cohomology of S2- The cocycle condition su = 
decomposes into 

s 2 Wfc = 0, siuij. + S2^fc_i =0, ... (4.5) 

Due to the requirement of ghost number 2 and antifield number in ([4.1]), one is left 
with < k < 2. The three possible values for k are now analysed case by case. 
k=0: The general form of ujq according to the condition of vanishing conformal weight 
is 

ujq = VV A (1,1) + vdv A (i,o) + fjdfjA^ + r]df)B {1)Q) + fjdrjB (QA) 

+rjd 2 r)A {m + fjd 2 fjA {Qfi ) + drjdfjB^o) + O j O j Aj(o,o) 

+^C*A(i,o) + ^A(o.i) + dv&Dnofl + 0770*^(0,0), 

where the A's, -B's and D's do not depend on the ghosts and the subscripts (m,n) 
indicate their conformal weights. It is easy to verify explicitly that 

S2Wq = O UJq = 0. (4.6) 

k=\. The general form of uj\ is 

UJ l = 7?e^(3 /2) 0) + ^4(0,3/2) + 7?£^(l,l/2) + *M(1/2,1) 

+r}deA( 1 / 2 $) + fjdiA^^) + e&n B (i/2,o) + ^77-6(0,1/2) 
+£dfjC(i/2fi) +£077(7(0,1/2) +eC*A( 1 / 2i o) + eC* A(o,i/2) 5 

where again the ^4's, -B's and -D's do not depend on the ghosts and their conformal 
weights are indicated in brackets. A straightforward computation shows that S2001 = 
imposes 

^4(3/2,0) = ^(0,3/2) = 0(1/2,0) = O(0,l/2) = 
^4(1,1/2) = 0*A(1/2,O) J ^(1/2,1) = l A(O,l/2) 
^4(1/2,0) = _2 - B (l/2,0) i ^(0,1/2) = _2 - B (0,l/2) 



The conformal weights (1/2,0) and (0,1/2) imply 

A(i/2,o) = 4> M D Ml (X), A(o,i/ 2) = ^ M D Ml (X) 
-6(1/2,0) = ^ M Bm(X), S(o,i/2) = 4> M Bm(X) 



We note that the expansion (4.3) holds because we are studying the antifield independent cohomology 
here. The analogous expansion in presence of antifields is more involved; in fact, it can even involve 
infinitely many terms. Therefore the strategy applied here to determine the action is not practicable in 
the same way for analysing the full (antifield dependent) cohomology later. 
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where we indicated that the remaining B's and -D's are arbitrary functions of the X's. 
Hence, we get 

ui = + e&)1> M D m {X) + (fjefi + eC 1 )^ 1 D Mi (X) 

+{ed V - 2r]de)^ M BM{X) + (edfj - 2fjde)$ M B M {X). 



The second equation (|4.5[) requires that s\Ui be S2-exact. This imposes 

Bm = Bm = 0, Dui = Dmi , djqDiM = 9mDiN 
<"> Bm = Bm = 0, Dmi = Dmi = QmD^X) 

where we have introduced the notation 

om 



dX M 



Furthermore, the second equation ( fi.5| ) uniquely determines the function ljq, which 
corresponds to oj\ [the uniqueness follows from fl4.6|) 1. It turns out that the other equa- 
tions (4.5) do not impose further conditions in this case, but are automatically fulfilled. 
Altogether we find 

ui = [fae^ + eCV* + (fjefi+eC i )i> M ]d M D i (X) (4.7) 
co = -rifji^X 1 - ^ M X' + F M ft + ^"fidrfdMDiiX) 

+C i (7 ] VX M + f]VX M )d M D l (X) (4.8) 

Using the freedom to add a coboundary we obtain by adding s[C l Di(X)] to + o>o the 
equivalent solution 

rjfjFWiiX) - TftjiiJPX* - ^ M X i + F M 4> 1 + V M ^ Ar ^3 A r)9 M A(^) 
+7]e(X l + 4> i i/j M d M )D i (X) + fjeQj + fti> M d M )Di(X) + ee^Di{X). (4.9) 

k=2. The general form of is given by 

U2 = £^4(i,o) + ££-4(o,i) + ee-4(i/2,i/2) + edeB(X) + edsB(X), 
where due to the indicated conformal weights one has 

A (1 , ) = VX M A M (X)+i, M ^ N A M N(X) 

-Ma I v\ i JMJ.N 



A (0il) = VX m A m {X)+^ m ^Amn(X) 

1(1/2,1/2) 



Ai/2,i/2) = F M H M {X) + ^ i H i {X)+^ M ^ N H MN {X) 



We can simplify using the freedom to subtract s-exact pieces from an s-cocycle. In 
particular, we can therefore neglect pieces in which are of the form s\Cj\ + (he. 
we consider u>' = lo — s(u}\ + ujq) where uj is an s-cocycle arising from u^)- Choosing 



ux = l {e$ M - exp M )H M {X) 
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aiwi = eeF M H M (X) + \ (eeVX M - eeVX M )H M {X) 



we get 

Sl Cj t = eeF M H M (X) + \ (eeVX M - eeVX M 5 

_i (e$ M - ei> M ){ei> N + e^ N )d N H M (X). 

This shows that by subtracting si&i from wg, we can remove the piece F M Hm{X) from 
^(l/2,i/2)> thereby redefining ^4(i,o)> ^(0,1) and Hmn(X). Furthermore, we have 

ee^ ( i )0 ) +££^( ,i) +ee4> i H i (X) +edeB(X) + edeB(X) = s 2 Cj , 
6j = - V A m - fjA m + C'HiiX) - \ d V B(X) - \ BfjB(X). 

Hence, we can also remove the pieces containing ^4(i,o)> -^(0,1) > Hi(X), B(X) and B(X) 
from lo 2 . Without loss of generality, we can thus restrict the investigation of the case 
k = 2 to 

uj 2 = ee^ M ^ N H M N(X). (4.10) 

Obviously u> 2 satisfies the first eqation ( |4.5| ), since it does not involve rj, fj or C l . One 
now has to analyze the remaining equations ( [4 . 5|) . It is straightforward to compute silu 2 
and to verify that the second equation fl4.5| ) is solved by 

u x = r]e[DX M $ N -^ M F N + ip M ip N i; K d K ]HM N (X) 

+fjs[-^ M VX N - F M/ tp N + ^ M i> N i, K d K ]H M N{X). (4.11) 

The third eq. (|4.5|) requires that squj 2 + s\uji be S2-exact. This turns out to be the case 
(for arbitrary Hmn) an d determines ujq. One finds 

LOQ = 7]f]Q, 

n = (VX M VX N + F M F N + Vi> M tjj N -ip M Vip N )H MN (X) 
-{VX M i> N 4, K + t>X N ip M ip K )d K H MN (X) 
+(F M ^ K ^ N - F K ifi M Tp N + F N ^ M ip K )d K H MN (X) 
+^ M ^ K ^ N ^ L d K d L H MN {X). (4.12) 



The remaining two equations (4J3) are also satisfied. The functions Hmn(X) are com- 
pletely arbitrary. The symmetrized part H^mn)(X) and the antisymmetrized part 
H\mn](X) give rise to the "target space metric" Gmn and the "Kalb-Ramond field" 
Bmn, respectively. Despite of our string inspired terminology we stress that there are 
no conditions imposed on Gmn and Bmn apart from their symmetry properties. In 
particular the "metric" Gmn need not be invertible (in section [6| we shall impose that 
a submatrix of Gmn be invertible). Bmn is determined only up to 

H[mn]{X) — ► H[mn](X) + d[ M B N ](X) 

where Bm(X) are arbitrary functions. This originates from the fact that the s-cocycle 
uj = lo 2 + ui\ + ujq remains form invariant under 

u -» u> + s[(e^ M + e^ M + r)VX M + fjVX M )B M (X) + . . . ] 

where the dots stand for terms at least bilinear in the fermions. Changing u by such 
s-exact pieces results in the above change of H \mn] {X ) and modifies the Lagrangian by 
a total derivative. 
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4.1 Result 



We conclude that up to redefinitions by coboundary terms, the general solution of ( [4.1] ) 
is given by the sum of the functions ( |4,9| )-( |4~1~^ ), The solution involves arbitrary func- 
tions Di(X) and Hmn(X), which thus parametrize the various possible actions. The 
antisymmetric part of Hmn(X) is determined only up to redefinitions by 8[m^n] POj as 
Hmn(X) — > Hmn(X) + d\j^Bm(X) modifies the Lagrangian only by total derivatives. 
The functions Di(X) are determined up to arbitrary constants, since only dj^D^X) en- 
ters in the equivalent solution (fOj) and (|4.8|) .0 Owing to general properties of descent 
equations in diffeomorphism invariant theories |Tl]— |l4| , the integrand of the action is 
obtained from the solution of (|4.l|) simply by substituting world-sheet differentials for 
diffeomorphism ghosts £ m . The resulting Lagrangian, written in terms of the Beltrami 



fields, is a generalized version of the one found in 28]: 



L — LMatter + LfJl 
LMatter = [(d - j2d)X M (8 - fl8)X N (G MN + B MN ) 

- ((d - pd)X M aip N + {d- fjLd)X M a$ N ) G MN - \ aa^ M ^ N G MN ] 

- {jP N (d - jxd)$ M + ^ N {8 - nd)^ M ) Gmn - (1 - w)F M F N G MN 

-i> M $ N {d - j28)x K (r KNM - \ Hknm) 
—ip M ij} N {d - fid)X K (T KNM + \ Hknm) 
+i {ai, M $ N i> K - a^ M ^ N ^ K )H KMN 
+(1 - w)F M ^ K 4, N (2T KNM - H KNM ) 

+§ (i - w)i> M i> K i> N $ L RKMLN 

+ F M ft + i> M i, N d N )d M Di (4.13) 
where we have introduced the following notations 



Gmn 

^KNM 

Rrlmn 



H(MN){ X ) B M N '■= H[MN]( X ) 

Di(X) F ^ := e mn {8 m X n - d n J? m ) 

8rHmn{X) — OmHkn(X) + 8nHkm(X) = ZTknm — Hknm 
8m8[kH L ] N (X) - d N d[ K H L ] M (X) 



The "target space curvature" Rklmn we have introduced is of course not the Rieman- 
nian one. The Riemannian curvature appears after eliminating the auxiliary fields from 
the action. 

Of course, the action can be also written in terms of the original fields introduced in 
section |2[ One obtains from the matter part the well known superstring action including 

9 A constant in Di yields a topological term in the action proportional to the Chern class of the gauge 
bundle. 
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the B-field background 



L/e = \d m X M d n X N (-h mn G MN + e mn B MN ) + ^^O^Gmn 
+\F M F N G MN + X kl n l k {i> N d n X M - \C X n^ M ^ N )G M N 

+(IfVV - ^ N ^ M d m x K )r NKM 

+I(F VS*V^ - ilp N 1 m 1 ^ M d m X K )H NKM 

-^X m l n l m ^ N lnl^ K H MNK 

+ ±Jj M (1 + 7„ty V*" (1 + 1*)4> L Rkmln 

+±(r0%A* - iF N f + X ml m ^ N ^)d N D t . (4.14) 

Thus the cohomological analysis shows that in the absence of gauge multiplets the 
Lagrangian derived in |7j is in fact unique up to total derivatives and choices of the 
background fields. It should be kept in mind, however, that this uniqueness is tied to 
the gauge transformations specified in section |2[ It can get lost when one allows that 
the gauge transformations get deformed. This deformation problem can be analysed 
by BRST cohomological means too, but then the relevant cohomological problem in- 
cludes the antifields |l6|]. The results which we shall derive in the second part of this 
work imply that the nontrivial consistent deformations correspond one-to-one to the 
deformations of the bosonic string models. All deformations of bosonic string models 
without world-sheet gauge fields were derived in [|l7]]. Hence, all nontrivial deformations 
of the standard superstring world-sheet action [pfl and its gauge transformations are su- 



persymmetric generalizations of the actions and gauge transformations given in [17]; in 
particular this result implies that nontrivial deformations of the standard superstring 
gauge transformations exist only if the background possesses special Killing vectors de- 
scribed in IlTj. A full analysis (to all orders in the deformation parameters) of the 
deformation problem for bosonic models with world-sheet gauge fields is missing so far, 
but a complete classification of the first order deformations was given in |J . The latter 
results extend thus to the superstring models too. 



5 Antifields 

To proceed with our analysis we have to bring the antifields into the game. According 
to the principles of the field-antifield formalism [|30|-33| to each field a corresponding 
antifield <I>^ is introduced with ghost number and statistics 

gh = -gh (<D A ) - 1, e(^) = e(d> A ) + 1 (mod 2), 

such that the statistics of the antifields is opposite to that of the corresponding fields. It 
is useful to introduce still another grading into the algebra of fields and antifields, namely 
the already mentioned antifield (or antighost) number. On all the fields (including the 
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ghosts) the antifield number is defined to be zero, i.e., agh(<I>^) = 0. On the antifields 
the antifield number equals minus the ghost number, agh ($^4) = — gh (<J?^). 

The antibracket for two arbitrary functions of the fields & A and antifields is 
defined as 



(FD= ( ( 5 _3L 5 j£L _ s R fs lG \ 
[ ' ' J \8$ A 8$* A 8$* A 5<S> A ) 



, 8&* A 5$ A J' 

Thus the antibracket has odd statistics and carries ghost number one. The BRST 
transformations of the antifields are generated via the antibracket by the proper solution 
S to the classical master equation (S,S) = according to 

«$* = (S $*A = SrS 

Owing to the off-shell closure of the gauge algebra S simply reads 

s = s -J (s<s> A m, 

where is the classical action and s& A are the BRST transformations given in section 
[2]. It is useful to decompose the BRST differential according to the grading with respect 
to the antifield number s = J2k>-i s k with agh (s^.) = k (this decomposition should 
not be confused with the one in (|4.3| ) even though we use the same notation). The 
decomposition starts with the field theoretical Koszul-Tate differential 5 = s_i and the 
differential 7 = so- Contrary to the bosonic case the decomposition does not terminate 
at this level. An additional part si raising the antifield number by one unit shows up 
reflecting field dependent gauge transformations in the commutator of supersymmetry 
transformations. The Koszul-Tate differential acts nontrivially only on the antifields 
and implements the equations of motion. Hence, the knowlegde of the classical action 
is necessary to determine the ^-transformations of the antifields. However, the action of 
the part of the BRST differential leaving the antifield number unchanged is determined 
solely by the imposed gauge transformations. The 7-transformations of the antifields 
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corresponding to the matter fields and the U(l) multiplet read 

i^m = ^(r^)+r^M-ir(7 m c-) 7/ 3x^<-|5 m (^(7 m )^M) 
^Fit = 3 m (rf;)-to-l^(7 m c)^x»+c% 

7 A* m = d n (eA* m )-(d n C)A* n 

-i5 m (r(7*7 m ^)^Af - ir(7*C)a^Af 
+2^(7*^4*™ - 2rf ( 7 *C) 7/3 Af + C^J 

7Ar = 5 m (rAr)-^(7 m )/4* m +^(7*) /3 >r-^(7*7 m c) /37 (x7*rAr 

-i£ 5 ( 7 *C)^ (x^) 7 °) Af - \ C afe £ab ( 7 ,)^Af + I C w X* a . (5.1) 

si acts nontrivially on A* m , c/>* and on the antifields for the gravitational multiplet Xa m > 
e* m and 5*. In particular one finds 

Sl A* m = ire^cvc*, ai # = -ic a ^(7*c)^4 ; 

where c| denote the antifields corresponding to U(l) ghosts. 

The explicit form of the BRST transformations of the antifields for the gravitational 
multiplet and the ghosts will not be needed in the following. In section it is shown 
that they do not contribute nontrivially to the cohomology, at least at ghost number 
9 < 4. 



5.1 Superconformal antifields 

We shall now identify "superconformal antifields" whose 7-transformations take the 



same form as the ^-transformations of superconformal tensor fields in ( 3.13 ). The iden- 
tification of superconformal antifields is somewhat more involved than the procedure for 
the fields. From experience with the bosonic case one expects reasonable candidates to 
arise from redefinitions of the form <I>^ — > j^j^ accounting for the fact that antifields 
transform under diffeomorphisms as tensor densities rather than tensors. In addition 
we have to take care of their "structure group transformations", i.e., of their conformal 
weights, their Lorentz transformations and super- Weyl transformations^. Yet this does 
not suffice to obtain 7-transformations of the desired form. It turns out that the anti- 
fields have to be mixed among themselves. These considerations lead us to the following 

10 Antifields transform "contragradiently" under structure group transformations as compared to the 
corresponding fields. 
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definitions of the lowest order matter antifields 



771* 

r M 


771* 

— r M(0,0) 


$M 


= ^M(0,0) 




= ^M(0,0) 


A M 


— X M(0,0) 



1 , . * 1 



-2F* M 



-/=1 r(e 2 J 2^ M + - ~^ m 



1 V * , 7* At« 7* , JT1* 



1 — fj,fj, 1 — fi/j, 1 — fi/j, 1 — nil 

Their 7-transformations are indeed of the desired form ( |3,13| ) and read explicitly 

7 F* M = ( v V + fjV)F* M -e^ + eft M + ±((dr,) + (dfj))F^ 

7 X* M = (vV + fjV^+eVfa + eV^ + i^ + idfj))^ 

+ (deW M + mht- (5-2) 

The expressions above are in fact already complete, since s\ does not act nontrivially on 
the matter antifields. Analogously to the situation of the superconformal tensor fields 
the algebra ( 3.12j ) is represented on these fields and their derivatives, which we denote 
by 

F* M{m , n ) = {L-i) m {L^YF* M = (Vr(V) n F* M , 

etc, where the operators L_i and L_i are identified with supercovariant derivatives as 
in ( 3.14 ). In particular one finds on the antifields with lowest conformal weights the 
following expressions 

VF *M = T^lp((9-fid-l {Blx) + \ /Z(0/z))ifc - \ fta}* M - \ a^* M ) 
vHi = ((8 - lid - \ + \ ix{dp))F* M + \ a^ M + \ 

V ^li = T^((d-fld- (Bp) + i p(d»))r M - \ paX* M - \ aVF* M - \ (8a)F* M 
V^u = lie ((9 ~ »d ~ \ (dfi) + K9P))$*M + 5 »X*M + \ fi<*VF* M + \ fi(da)F* M 



and analogous formulas for T>^* M and T>^)* M . Again higher order antifields will not be 
needed. 

The construction of the covariant antifields for the gauge multiplet follows the argu- 
ments given above, with the additional task to get rid of the super- Weyl transformations. 
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We introduce the redefinitions 



1 1 



= A* (0 , 0) = r f-(e/)-2(e/)- 1 A* 1 

* - ^ = ^T^W + /^)-T^(^ + ^)' (5 - 3) 

where we have used the shorthand notation for the corrections involving gravitions 
x} = . 1-^3 Xz an d Xz = \ T^Xz with obvious expressions for the z components. 
The 7-transformations then read 

7 A* = (rfD + ffD)% + %dfj>Z + efc-iA; 

7 X* = ( v V + fjV)\* + ±dr,\* + 4i-eA* 

7 # = (rjV + ffD)<j>\ + \{dr] + 8fj)(f>* + eDAj + eDX* 

7 i* = (r/2? + fjV)A* + ar?i* + eDX* - eDX* - del* 

j A* = { V V + f]V)A* + df)A* + eVX*-eVX*-deX*, (5.4) 



and are indeed of the desired form respecting the requirement ( |3.1[ ). Note that the 
combination of the gravitinos used in the redefinition of (ft* transforms into the super- 
Weyl ghost thereby removing the unwanted transformation properties under the super- 
Weyl symmetry. Again higher order antifields will not be needed. 

The explicit form of the superconformal antifields given above has already been used 
to derive the results for the rigid symmetries presented in Q. A complete list of the 
BRST transformations (including the Koszul-Tate part and the si-transformations) of 
the antifields needed for the cohomological analysis is given in appendix ^. In the follow- 
ing sections (and also in the appendices) we have dropped the hats on the superconformal 
antifields, but it is clear from the context which set of variables is meant. 



6 On-shell cohomology 

We shall now define and analyse an "on-shell BRST cohomology" H (a) and show that 
it is isomorphic to its purely bosonic counterpart at ghost numbers < 4, i.e., to the 
on-shell BRST cohomology of the corresponding bosonic string model. The relevance of 
H(a) rests on the fact that it is isomorphic to the full local s-cohomology H (s) (in the 
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jet space associated to the fields and antifields), at least at ghost numbers < 4, 



5 <4: H 9 (a)~H 9 (s). (6.1) 

This will be proved in section [?]. 

The analysis in this and the next section is general, i.e., it applies to any model with 
an action Q4.13| ) (or, equivalently, ( 4. 14] )) provided that two rather mild assumptions 



hold, which are introduced now. The first assumption only simplifies the action a little 
bit but does not reduce its generality: as we have argued already in Q, one may assume 
that the functions Di{X) which occur in the action coincide with a subset of the fields 
X . We denote this subset by {y 1 } and the remaining X's by x^, 



{X M } = {af,y*}, Di(X)=y\ (6.2) 

For physical applications this "assumption" does not represent any loss of generality 
because it can always be achieved by a field redefinition ("target space coordinate trans- 
formation") X M — > X M = X M (X). The y % may be interpreted as coordinates of an 
enlarged target space leading to "frozen extra dimensions" Q . The second assumption 
is that G llu (x,y) is invertible (in contrast, Gmn need not be invertible). This is par- 
ticularly natural in the string theory context, since it allows one to interpret G^ v as a 
target space metric. It is rather likely that our result holds for even weaker assumptions 
(but we did not study this question), because the results derived in |3, 19 for bosonic 
string models do not use the invertibility of G^. 



Let us remark that the isomorphism fl6.1| ) is not too surprising, because it is remi- 
niscent of a standard result of local BRST cohomology stating that H (s) is isomorphic 
to the on-shell cohomology of 7 in the space of antifield independent functions, where 7 
is the part of s with antifield number (see, e.g., section 7.2 of £l0|]). However, (|0]) is 
not quite the same statement because the definition of a given below does not take the 
equations of motion for //, fi, a or a into account. Hence, ( |6.l[) contains information in 
addition to the standard result of local BRST cohomology mentioned before: the equa- 
tions of motion for [i, ft, a, a are not relevant to the cohomology! This is a useful result 
as these equations of motion are somewhat unpleasant, because they are not linearizable 
(the models under study do not fulfill the standard regularity conditions described, e.g., 
in section 5.1 of [liTfl ). 



6.1 Definition of a and H(a) 

a is an "on-shell version" of s defined in the space of local functions made of the fields 
only (but not of any antifields). We work in the 'Beltrami basis' and use the equations 
of motion obtained by varying the action ( ^.13| ) with respect to the fields X, ip, ip, F, 0, 
A, A and A m . The covariant version of these equations of motion can be obtained from 
the ^-transformations of the corresponding covariant antifields given in appendix || by 
setting the antifield independent part ('Koszul-Tate part') of these transformations to 
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zero. This gives the following "on-shell equalities" (? 



F l 

Vy* 
W 

ft 
A ^ 

A i 

r 



o 








pu 



vap\ 



(6.3) 
(6.4) 
(6.5) 
(6.6) 
(6.7) 
(6.8) 
(6.9) 
(6.10) 
(6.11) 
(6.12) 
(6.13) 
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F^F £li pv 



piv 



-Vx^PR^pv 

-P^rvdi^pp 



pvpi 



Vx^ipPR 
i ifj^^p^diR 



VpbUp 



(6.14) 



+vi> v $pw pv - ^"v^nSp 

-Vx^^PRP^ + P/f/E pv / 

where indices // of S7, i?, 9 have been raised with the inverse of G pv 
ip 1 and F % belong to the same supersymmetry multiplet as y % (the auxiliary fields F l 
should not be confused with the supercovariant field strengths T l of the gauge fields). 
Note that the right hand sides of flOD , ( |6~9|) , (|6~10| ), (|0^) and ( |6~15|) still contain F M , 



(6.15) 

(x,y), and tp l , 



T>ip fl or P?/^, which are to be substituted for by the expressions given in ( 6.11 ), fl6.12j ) 
and ( |6.13| ), respectively. Furthermore, in ( 6.14j ) one has to substitute the expression 
resulting from (6.15) for DT>xP '. Using Eqs. ( |6.3| ) through ( |6.15| ) and their T> and T> 
derivatives, we eliminate all variables on the left hand sides of these equations and all the 
covariant derivatives of these variables. Furthermore, we use these equations to define 
the (T-transformations of the remaining field variables from their ^-transformations. For 
instance, one gets 



ay 
ax» 
aipp 





(rjV + fjf))xP + eV M + 

- \ fj[Vx u ippn pv » + \ ^i>pn Xa v ^ pv + ^ v ^p^rp 



vap\ 



(6.16) 
(6.17) 

(6.18) 



The ex-transformations of 77, rj, e, e, (jl, (jl, a, a coincide with their s-transformations. The 
cohomology H{a) is the cohomology of a in the space of local functions of the variables 
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{i/, ?/, W^" 4 }, where the it's and u's are the same as in sections || and while the VK's 
are given by 

{W A } = {y\x», V k x^, V k x», V r ^, V r ^, d r V , B r fj, 8 r e, 8 r e, & : 

k = l,2,... , r = 0,l,...}. (6.19) 

H(a) is well-defined because a squares to zero, 

a 2 = 0. (6.20) 

This holds because the (covariant) equations of motion of the fields X, if), tp, F, (ft, A, 
A, A m and their covariant derivatives transform into each other under diffeomorphisms 
and supersymmetry transformations but not into the equations of motion of [/,, p,, a 
or a [as can be read off from the ^-transformations of the superconformal antifields in 
appendix . 



6.2 Relation to H(a, W) 

a acts on the variables {?/, i/, W A } according to en/ = i/, aW A = r A (W). Further- 
more, analogously to ( |4.2| ) one has 

i.e., in the space of local functions of the W^s the derivatives with respect to drj and 
dfj are contracting homotopies for Lq and Lq, respectively. Hence, the same stan- 
dard arguments, which were used already in section Q yield that H(a) is given by 
H dR (GL + (2)) (g> H(a,W), where H dR (GL + (2)) reflects the nontrivial de Rham coho- 
mology of the zweibein manifold (see theorem 5.1 of |fPH ), while H(a, W) is the a- 
cohomology in the space of local functions with vanishing conformal weights made solely 
of the variables ( |6.19| ) , 

H(a) = H dR (GL+(2)) H{a, W), W = {uj : uj = u(W), (Lou, Lquj) = (0, 0)}. 

(6.22) 

The factor H dR (GL + (2)) is irrelevant for the following discussion because it just reflects 
det ^ and makes no difference between superstring and bosonic string models. 



6.3 Decomposition of a 

To study H(a, W) we decompose a into pieces of definite degree in the supersymmetry 
ghosts and the fermions^j. The corresponding counting operator is denoted by N , 

N = N £ + N, + N^ + (6.23) 



We are referring here to the variables (6.19) themselves, and not to the fermions that are implicitly 
contained in these variables through covariant derivatives. 
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with N £ and N s as in (|4.4|) and 



Using the formulae given above, it is easy to verify that a decomposes into pieces with 
even iV-degree, 

<T = ^(T2n , [N,(T2n]=2n<T2n (6-24) 
n>0 

where, on each variable ( |6.19D , only finitely many am are non- vanishing. For instance, 
( gTIg) yields 



&2n^ = for n > 1. 
6.4 Decomposition of oo 

We shall prove the asserted result by an inspection of the cohomology of (Jq. To that 
end we decompose <jq according to the supersymmetry ghosts. That decomposition has 
only two pieces owing to the very definition of <jq and N, 

(to = <ro,o + O-0.1 , [N £ + N £ , cjo.o] = , [N e + N s , a ,i] = a ,i ■ (6.25) 
One easily verifies by induction that o"o,i has the following simple structure: 













a 0> iT> r x» = 





vo,iV r r = 


r 

E 




k=0 


ao,iV r r = 


r 

E 




k=0 


(ra,id r rj = 





(ra,id r fj = 





cr ,i«9 r e = 





a 0A d r e = 





o"o,iC l = 


0. 



,d k eV r+1 - k x» 

k , 



(6.26) 
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6.5 iJ(oo,W) at ghost numbers < 5 

The cocycle condition of H(ao,W) reads 

a uj = 0, uj G W. 



(6.27) 



We analyse Q6.27 ) using ( |6.25 ). To that end we decompose us according to the number 
of supersymmetry ghosts, 



^fc , (N e + JVg)^ = kuj k ■ 

k=k 



(6.28) 



Note that k is finite, A; < gh (uj). Hence, the cocycle condition ( 6.27 ) decomposes into 
oo.i^fc = °) ^o.o^fe + °"o,i^fc_i = 0, ... , cr ,oWfc = 0. (6.29) 

We can neglect contributions ao t iuJ-^_ l to utr because such contributions can be removed 
by subtracting o"oti)^_ 1 from uj. Hence, u>j- can be assumed to be a nontrivial represen- 
tative of £f(o'o ) i,VV). That cohomology is computed in appendix [A] and yields 



h(y,x,C, [e,rj], [e,r]]) + r]Vx^h^(y,x,dr],C, [e,r/]) 
+fjVx> J 'h^(y, x, dfj, C, [e, 77]) + r]fjVx' J "Dx u h^ l/ (y, x, drj, dfj, C) 



(6.30) 



where o"o,i-exact pieces have been neglected, and [e, 77] and [e, 77] denote dependence 
on the variables d r e,d r r] and d r £,d r fj (r = 0,1,...), respectively. The result fl6.30j ) 
holds for all ghost numbers and shows in particular that uj^ can be assumed not to 
depend on the fermions (V r ip^, T> r ifj fJ ') at all. We now insert this result in the second 
equation (|6.29|) , which requires that crofiUj be <7o,i-exact. At ghost numbers < 5 this 
requirement kills completely the dependence of uj^ on the supersymmetry ghosts as we 
show in appendix ^. The result for these ghost numbers is thus that, modulo cro-ex ac t 
pieces, the solutions to ( |6.27 ) neither depend on the fermions nor on the supersymmetry 
ghosts, 

gh(u) < 5 : uj = a uj + h(y,x,C, [77], [77]) + rfDx^h^y, x, drj, C, [fj]) 

+ fjWh^y, x, dfj, C, [??]) + r ) fjVx fl Vx l 'h tlu (y, x, drj, Bfj, C). (6.31) 

Furthermore, ( 6.25| ) and ( 6.26[ ) show that a function which neither depends on the 
fermions nor on the supersymmetry ghosts is co-exact if and only if it is the ctq- 
transformation of a function which does not depend on these variables either. Combining 
this with ( |6.31 ) one concludes 

g < 5 : H 9 (a , W) ~ H 9 (a , W ), (6.32) 

where Wo is the subspace of W containing the functions with vanishing iV-eigenvalues, 

W = {uj G W : Nuj = 0}. 
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This subspace can be made very explicit. The only variables ( |6.19| ) with negative con- 
formal weights on which a function uj E Wo can depend are the undifferentiated ghosts 
r] and fj [note: the only other variables ( |6.19| ) with negative conformal weights are the 
undifferentiated supersymmetry ghosts, but they do not occur in to E Wo by the very 
definition of Wo] • Since r] and fj are anticommuting variables each of them can occur at 
most once in a monomial contributing to uj E Wo- Hence, since r] and fj have conformal 
weights (—1,0) and (0, —1), respectively, functions in Wo can only depend on those w's 
with conformal weights < 1 (as higher weights cannot be compensated for by variables 
with negative weights), and a variable with Lo-weight (Lo-weight) 1 must necessarily 
occur together with r] (fj). This yields 

u E Wo O u) = f(y,x,C,dr],dfj,r]Vx^,fjVx >M ,r]d 2 r],fjd 2 fj). (6.33) 

Note that H(ao, Wo) is nothing but the on-shell cohomology H (a, W) of the correspond- 
ing bosonic string model, since elements of Wo neither depend on the fermions nor on 
the supersymmetry ghosts, and since o"o reduces in Wo to <7o,o> which encodes only the 
diffeomorphism transformations but not the supersymmetry transformations. 



6.6 H(a) at ghost numbers < 4 

We shall now show that H(a, W) is at ghost numbers < 4 isomorphic to i?(o"o,Wo), 

g<4: H 9 (a,W) ~ H 9 (a , W ). (6.34) 

Because of ( |6.22| ) this implies that H(a) is isomorphic to its counterpart in the corre- 
sponding bosonic string model (recall that the factor HdR(GL + (2)) is present in the 
case of bosonic strings as well, and that H 9 (gq, Wo) is the on-shell cohomology of the 
bosonic string model). To derive ( |6.34| ), we consider the cocycle condition of H(a,W), 

au) = 0, uj E W. (6.35) 

We decompose uj into pieces with definite degree in the supersymmetry ghosts and 
fermions, 



n 

UJ = 

n=n 



yja; n , Nuj n = nuj n , (6.36) 



with ./V as in ( 6.23j ) [actually there are only even values of n in this decomposition 
because uj has vanishing conformal weights]. The cocycle condition ( 6.35| ) implies in 
particular 

a ujn = 0, (6.37) 

where we used the decomposition (|6.24 ) of a. Hence, every cocycle uj of H 9 (a, W) 
contains a coycle w„ of H 9 (ao,W). Our result ( |6.32[) on H 9 (oq,W) implies that this 
relation between representatives of H 9 (a, W) and H 9 (ao, W) gives rise to a one-to-one 
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correspondence between the cohomology classes of H 9 (a, W) and H 9 (aQ,Wo) for g < 4 
and thus to ( 6.34 ). The arguments are standard and essentially the following: 

(i) When g < 5, uin can be assumed to be nontrivial in H 9 (ao,W) and represents 
thus a class of H 9 (ao, Wo). Indeed, assume it were trivial, i.e., u>n = fo^n fo r some 
u) n G W. In that case we can remove uj n from uj by subtracting cra) n . u/ := uj — <ruj n 6 W 
is cohomologically equivalent to u> and its decomposition (|6.36[) starts at some degree 
n' > n unless it vanishes (which implies already uj = auj n ). The cocycle condition for 
u/ implies o§uj' n , = and thus uj' n , = o^Qj' n i for some Qj' n , G W as a consequence of fl6.32j ) 
(owing to n' > n > 0). Repeating the arguments, one concludes that u is cr-exact, 
to = o{uJn + &' nl + . . . ) [it is guaranteed that the procedure terminates, i.e., that the sum 
Lo-n + &' n i + • • • is finite and thus local, because the number of supersymmetry ghosts is 
bounded by the ghost number and thus the number of fermions is bounded too because 
uj has vanishing conformal weights]. 

(ii) When g < 4, every nontrivial cocycle ujq of H 9 (ao,Wo) can be completed to a 
nontrivial cocycle uj of H 9 (a,W). Indeed suppose we had constructed ui n £ W, n = 
0, . . . ,m with ghost number g such that u/ m ) := Yl^o^n fulfills <7u/ m ) = Yl n >m+\ ^ n 
with NR n = nR n [for m = this is implied by gqujq = which holds because ujq is 
a do-cocycle by assumption], a 2 = implies cr^ n>m+1 R n = and thus cro-Rm+i = 
at lowest iV-degree. Note that R m +i is in W (owing to aW C W) and that it has 
ghost number g + 1 < 5 because u/ m ) has ghost number g < A. ( 6.32 ) guarantees 
thus that there is some w m +i £ W such that R m +i = -ffo w m+i, which implies that 
u (m+l) ._ Jm) + Wm+i Mmh au (m+l) = J2 n > m+2 R' n - By induction this implies that 
every solution to ( |6.37 ) with ghost number < 4 can indeed be completed to a solution 



of ( |6.35D [the locality of lj holds by the same arguments as above]. If ujq is trivial 
in H 9 (ao,Wo), then its completion u is trivial in H 9 (a, W) by arguments used in (i). 
Conversely, the triviality of uj in H 9 (a, W) (uj = arf) implies obviously the triviality of 
ujq in H 9 (ao, Wo) (^o = ^oVo) because there are no negative iV-degrees. 



7 Relation to the cohomology of bosonic strings 

We shall now derive (^J) and the announced isomorphism between the s-cohomologies 
of a superstring and the corresponding bosonic string model. Both results can be traced 
to the existence of variables {u e ,v e ,W A } on which s takes a form very similar to a 
on the variables {?/ , ?/ ,w A } used in section ^. In the 'Beltrami basis' the set of u's 
consists of: (i) u's with ghost number which coincide with the ?/; (ii) u's with ghost 
number -1 given by the superconformal antifields X* M , ip* M , tjj* M , F^, X* A*, A* 
(recall that we have dropped the hats on these antifields) and all covariant derivatives 
of these antifields plus the A* and all their P-derivatives (T> r A*, r = 0, 1, . . . ) P| ; (iii) -it's 
with ghost number —2 given by the antifields of the ghosts, i.e., by rf , fj*, e*, e*, C* 
and all their derivatives. It can be readily checked that a complete set of new local jet 

12 The V k t> r A* with k > do not count among the u's because the antifield independent parts of 
sT> k T> r A* and -sV k ~ 1 V r+1 A* are equal (both are given by V k V r+1 y x ). Rather, they are substituted 
for by the u's corresponding to the V k ~ 1 'D r C* {k > 0) owing to sV k ~ 1 t> r C* = ~V k V r A* + .... 
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coordinates in the Beltrami basis is given by {u , v , WA } with v l = su e and 



(0)J 

I _ f„.i „H i^k^n -n/c^M <nr„i,n <f>r„A/i a> 

(0)J 



{W& a = {y i ,x^,V k x^,V k x' l ,V r ^,V r ^,d r ri,d r fj,d r e,d r e, C\ 



d r n*, d r fl*, d r a*,d r a* :k = l,2,... , r = 0, 1, . . . }. (7.1) 



Note that {WA} does not only contain the W A listed in ( |6.19 ), but in addition the 



variables 9 r /x*, d r /i*, d r a*, d r a* . The latter occur here because their ^-transformations 
contain no linear parts and can therefore not be used as v 's0. The Wfc fulfull 

sW A =r A (W {0) ) + O(l) (7.2) 



where 0(1) collects terms which are at least linear in the u's and v's. As shown in 

(0) 

sW A = r A {W) (7.3) 



(ff^) implies the existence of variables W A = WlL +0(1) which fulfill 



with the same functions r A as in (7^). Furthermore the algorithm described in |27j for 
the construction of the W A results in local expressions when applied in the present case. 
This can be shown by means of arguments similar to those used within the discussion 
of the examples in |27]0, 

( [7.3]) im plies that the ^-transformations of those W's which correspond to the vari- 
ables (|6."l9 ) can be obtained from the cr-transformations of the latter variables simply 



by substituting there W's for the corresponding W's. For instance, this gives 

ay* = 0, (7.4) 
sx^ = T)(Vx"y + fj(pa?)' + eV' + eV' (7.5) 

where here and in the following a prime on a variable indicates a W-variablef3 For 
instance, y 1 ' is the W-variable corresponding to y l and explicitly given by 

/ = y i + £ x* - e\* - V A* + fjA* + V fjC* . (7.6) 

This very close relation between s on the W-variables and a on the variables ( |6.19| ) 
would immediately imply H(s) ~ H(a) if the W-variables (<9 r //*)', (<9 r /U*)', (d r a*y, 

13 The other derivatives of the antifields fj,* , fl* , a*, a*, such as the B k B r /i* (k > 0), do not occur 
among the W^'s because they are substituted for by the v's corresponding to 77*, 7/* , e* , e* and their 
derivatives (e.g., one has srf = — B/i* + ...). 

14 In the present case, the suitable 'degrees' to be used in these arguments are the conformal weights 
and the ghost number. Using these degrees one can prove that the algorithm produces local (though not 
necessarily polynomial) expressions: the resulting W's can depend nonpolynomially on the ', y 1 and 
on the two particular combinations eA* and eX* but they are necessarily polynomials in all variables 
which contain derivatives of fields or antifields. 

15 The construction of the W's implies (B r r))' = d r rj, (B r fj)' = B r fj, (d r e)' = d r e and (B r e)' = B r e 
because the s-transformation of these ghost variables do not contain any u's or v's. This has been used 
in 
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(d r a*)' were not present. Nevertheless the asserted isomorphism ( |6.l| ) holds because 
the conformal weights of the latter variables are too high so that they cannot contribute 
nontrivially to H 9 (s) for g < 4. To show this we analyse H(s) along the same lines as 
H(a) in section [6|. 

The first step of that analysis gives 

H(s)~H dR (GL + (2))®H(s,W), W = {uj : uj = u(w), (L u, L u) = (0, 0)}. (7.7) 

This result is analogous to ( gj|| ) and expresses that the zweibein gives the only nontrivial 
cohomology in the subspace of ffs and {5's and that there is a contracting homotopy for 
Lq and Lq because ([7.3[) implies 



I ' d(drj) ) ' I 5(9??) 

The conformal weights of a*', a*', //' and /Z*' are (3/2,0), (0,3/2), (2,0) and (0,2), 
respectively. 

H(s, VV) can be analysed by means of a decomposition of s analogous to the a- 
decomposition in ( |6.24 ), using a counting operator N' for all those W y s which have 
half- integer conformal weights, 

N' = N £ + N s + AV + + N a *, + Na*' • 
The decomposition of s reads 

S = ^S2n , [N',S 2n \ = 2n S 2n ■ 
n>0 

Next we examine the so-cohomology. Analogously to ( |6.25 ) one has 

so = s 0fi + S 0) l , [N £ + N s , s ,o] = , [N £ + N € , S 0) l] = s 0) i . 

We now determine the cohomology of so,i along the lines of the investigation of the 
(To,i -cohomology in appendix |A| by inspecting the part of so.i which contains the undif- 
ferentiated ghost e. That part is the analog of o"o,i,i m ( |A.2| ) and takes the form e G'^^- 
^'—1/2 ac ^ s non trivially only on the ip', a*' and their (covariant) derivatives according to 

&_ 1/2 (p r W = (v r+1 x ^y , Gi 1/2 (d r a*y = -(d r n*y 

We define a contracting homotopy B' which is analogous to the contracting homotopy 
B in appendix [A], 



Using B' one proves that the functions f m with m > which are analogous to the 
functions f m in appendix [A] can be assumed not to depend on the variables (V 1 '^)' , 
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(V r+l x^)' , (d r a*Y or (d r fi*)'^ In the case m = one gets that /q does not depend 
on (cFa*) 1 or (d r /x*)', simply because the conformal weights of these variables are too 
large [cf. the arguments in the text after ( A. 9 )1. This implies the analog of equation 
( [A. lip , with functions h' m and g'^ which may still depend on (P r ^)', (D r+1 x^)' , (d r a*)' 
or (d r £i*y. The dependence on these variables can be analysed analogously, using a 
contracting homotopy B' for these variables, along the lines of the remaining analysis 
in appendix |A[ One finally obtains the following result for H(sQ t i, W): 

s ,ito = 0, uj eW 

uj = h{y',x',C, [e,rj], [e,fj]) 

+ r,(W)'h^y', x', dr,, C , [e, fj]) + fj{W)%{y' , x' , dfj, C, [e, r,}) 

+ ^(Vx^yCDx^'h^iy', x', drj, dfj, C) + s 0A u;(w), uj G W. (7.8) 

Hence, if(so,i,W) is completely isomorphic to H{ctq^,W) (for all ghost numbers). In 
particular, the representatives do not depend on (d r a*)', (d r a*)', (d r /j,*)' or (3 r /2*)' 
[recall that the reason is that the conformal weights of these variables are too high; if, 
for instance, had conformal weights (1, 0) instead of (2, 0) it had contributed to ( [7.8] ) 
analogously to (T>x^)']. This implies the results announced above: arguments which are 
completely analogous to those used to derive first ( |6.31D and then ( 6.34 ) lead to 

g<4: H 9 {s,W) ~ H 9 (s ,W ), VVo = {w £ VV : N'uj = 0}. (7.9) 

Analogously to ( 6.33j ), the elements of VVo can only depend on those u>'s with conformal 
weights < 1, i.e., 

uj' G VVq uj' = f(y', x', C, dr], dfj, rj{Vx^)' , fj{W)' ', rjd 2 ^, fjd 2 fj). (7.10) 



Because of (|7.3j), so takes exactly the same form in Wo as a"o in Wo- This implies (for 
all ghost numbers) 

H(s ,W ) ~ H(a ,W ). (7.11) 

Because of Q and ( ggg ) (as well as (^) and ( |0^ )) this yields fTl]). (|7^) establishes 
also the equivalence between the cohomologies of the superstring and the corresponding 
bosonic string at ghost numbers < 4 because H ( t L ji(GL + (2)) (g> H(so, Wo) is nothing but 
the s-cohomology of the bosonic string. 
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A Cohomology of cr 0) i in W 

In this appendix we compute H(ao^,W) where 00,1 is given in ( |6.26 ). The cocycle 
condition reads 



o"o \uj = 0, <jj £ W. 



(A.l) 



We decompose this equation into pieces with definite degree in the undifferentiated 
supersymmetry ghosts e. 170,1 decomposes into two pieces, 170,1,0 and <7o,i,i, where 00,1,0 
does not change the degree in the undifferentiated e, whereas <7o,i,i increases this degree 
by one unit. <7o,i,i reads 



ao,i,i = £ G-1/2 , 6-1/2 = £(X> r+ V 



d 



r>0 



(A.2) 



uj can be assumed to have fixed ghost number and is thus a polynomial in the undiffer- 
entiated e, 



UJ 



£ £m fm , (A.3) 
m=m 

where f m can depend on all variables ( |6.19 ) except for the undifferentiated e. At highest 

(A.4) 



degree in the undifferentiated e, (AJ) implies o"o,i,i(£ m /m) = and thus 

C-i/2/m = 0. 

We analyse this condition by means of the contracting homotopy 

d 

v v ' BCD 

r>0 



B = £(P^ 



d(V r+1 x») ' 



The anticommutator of B and G-1/2 is the counting operator for all variables T> r ip^ and 
V r+l x^ (r = 0,1,...), 



{£,GL 1/2 } = £[(P r # 



d 



r>0 







d{V r + l x») 



Hence, ( A.4 ) implies by standard arguments that fm is G.^-exact up to a function 
that does not depend on the T> r ip^ or T> r+l x^, 



fm = G-1/2 9m + h m {y, x, C, [Vx, ip] , [de, rj],[e, ; 



(A.5) 



where gm is a function that can depend on all variables ( |6.19| ) except for the undif- 
ferentiated e, [Dx,$] denotes collectively the variables 2? r+1 x^, T) r ^) il , and [de, rj\ and 
[e, fj\ denote collectively the variables d r+l e, d r rj and d r e, d r f], respectively (r = 0, 1, . . . 



32 



in all cases). We shall first study the case m > [the case m = will be included 
automatically below]. ( |A.5| ) implies 



m-2 



where 



m>0: u = a Q , l (e m ~ l g m )+e m - l f! m _ 1+ Y^e m f m 

m=m 

+e m h m (y,x,C, [Vx,i>], [de, V ], [e,fj]) (A.6) 

fm-l = fm-1 — 00,1,0 9m ■ 



The exact piece co,i(£ m_1 gm) on the right hand side of (A.6) will be neglected in the 
following, i.e., actually we shall examine to' := u> — o'o i i(e m_ 9m) hi the following. How- 
ever, for notational convenience, we shall drop the primes (of u/ and /4;_i) and consider 
now 



m— 1 



m>0: W = ^ £ m / m + e m My.i>C 1 [^^] I [ae,i[£-i (A.7) 



m=m 



We have thus learned that, if m > 0, the piece in to with highest degree in the undif- 
ferentiated e can be assumed not to depend on any of the variables D r tp^ or D r+1 x^ 
(r = 0, 1, . . . ). As a consquence, the <to,i -transformation of that piece does not depend 
on these variables either and (Jq^lo = 0, with u as in (A.7), implies 



G-l/2/m-l = 0. (A.f 



We can now analyse ( |A.8|) in the same way as (A.4) and repeat the arguments until we 
reach an equation 

GLi/a/o = (A.9) 

where /o is a function with conformal weights (0, 0) which does not depend on 
the undifferentiated e [note that f m has conformal weights (m/2,0) because e m f m 
has conformal weights (0,0); if m had been zero, we had arrived at ( |A.S| ) immedi- 
ately]. The only way in which /o can depend nontrivially on the variables D r ifj^ or 
D r+1 x M (r = 0, 1, . . . ) is through terms of the form rftp^ip" /^(y, x, drj, C, [Dx, I 4>], [e, fj]), 
rjdeip^ ffj,(y, x, drj, C, [Dx, [e, fj]), or rjDx^g^y, x, drj, C, [Dx, tp], [e, fj]) [recall that the 
only variables (|6.1S| ) with negative Lo-weights are the undifferentiated r\ and e and that 
rj is an anticommuting variable]. ( [A.S| ) implies f fJlV (y,x,drj,C,[Dx,'ip],[£,fj]) = and 
ftiiy, x, drj, C, [Dx, tp], [e, fj]) = 0. We conclude 

fo = rfDxPg^y, x, drj, C, [Dx, , [e, fj]) + h {y, x, C, [Dx, $\ , [de, rj] , [e, fj] ) (A. 10) 
We thus get the following intermediate result: without loss of generality we can assume 
u = ^ e ^h m {y,x,C, [Dx,4>], [d£,r]], [e,fj]) + f]Dx^g^(y,x,dri,C, [Vx,$], [e,fj]). 

(A.ll) 



fit 
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The only part of 00,1 which is active on such an u is the part 





i.— n \ / 



r>0k=0 x ' \ r 1 

Note that <7o,i touches only the dependence on the variables T) 7 '^ , T> r+1 x^ and d r e 
(r = 0,1,...) and treats all other variables as contants. Hence, for tu as in (A. 11), 
uq^uj = implies 

a 0) ih m (y,x,C, [Vx,ip], [de,rj\, [e,fj]) = Vm, 

<ro,i9n(y,x,dT],C, [T>x,i>], [e,fj]) = 0. (A.12) 

These equations are decomposed into pieces with definite degree in the undifferentiated 
e and then analysed using the contracting homotopy 

B = ^CPV 



r>0 



By means of arguments analogous to those that have led to flA.ll ) we conclude that we 
can assume, without loss of generality, 

h m (y,x,C, [Dx,ip], [de, rj\, [e,fj]) = ^V/i mi<z (y,x,C, [de,rj], [de,fj]) 

1 

+fjf>x^g m ^{y, x, dfj, C, [de, rj\), 

g^(y,x,dr),C,px,i)],[E,fj)) = ^2&h M (y,x,dr},C, [de,fj]) 

q 

+fjVx v g„, v {y,x,C,dr } ,dfj). (A.13) 

Since the /i m>(? , g m ,n, h^ q and g^ u do not depend on the fermions, they are ao,i-invariant. 
We have thus proved that ( |A.1| ) implies 



u = h(y,x,C, [e,rj\, [e,rj\) 

+r)Vx' J -h IJt (y, x, drj, C, [e, fj]) + fjVx^h^y, x, dfj, C, [s, 77]) 
+7]f)Vx^Vx u h^ u {y, x, drj, dfj, C) + a 0)1 Cj (A. 14) 

where the functions on the right hand side (h, rfDx^ha, ■ ■ ■ , Cj) are elements of W. 
Note also that the sum on the right hand side is direct: no nonvanishing function 
h + iniVx^h^ + fjVx^h^ + rjfjVx^Vx u h^ u is <7o,i-exact because the various terms either do 
not contain variables V r+1 x^ or T >r+1 x^ at all, or they contain Vx^ but no e, or Px M 
but no S. Hence, our result characterizes H(ao t i,W) completely. 



B Derivation of ( p3T|) 

We shall show that (|6.30| ) implies (|6.31|) . The proof is a case-by-case study for g = 
0, . . . , 4. Since Ur does not depend on the fermions and has vanishing conformal weights, 
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it can be assumed to contain only terms with even A^-degree and even A^-degree. Hence, 
it does not depend on the supersymmetry ghosts if g = or g = 1 which gives ( |6.31 ) in 
these cases. If 2 < g < 4 the assertion follows from 

o"o,o^fc + o"o,i^fc-i = °> (B- 1 ) 

which is the second equation in ( |6,29| ). 

g = 2: Only u^ =2 can depend on the supersymmetry ghosts. One has 

^=2 = £ dea(X) + edea(X) 

where a(X) and a(X) are functions of the undifferentiated x^ and y l . o^o^ contains 
for instance r](de) 2 a(X) and f](de) 2 a(X) because cro,o£ and cro^e contain -qde and fjde, 
respectively. If a / or a / 0, these terms are not o"o,i-exact because they do not 
contain derivatives of an x^. We conclude that a = and a = and thus that ( |6.31| ) 
holds for g = 2. 

g = 3: Again, only 0J-r = o can depend on the supersymmetry ghosts. The terms in 
LOfc =2 depending on e or its derivatives are 

rjed 2 ea(X) + ededr]b(X) + ededr)c(X) + ede&d^X) 

+fjWedee lJL (X) + rj(de) 2 f(X) + d 2 r]e 2 g(X). (B.2) 

In addition there are analogous terms with e or its derivatives. A straightforward cal- 
culation shows that (HI) imposes 

6 = 0, c = 0, di = 0, e M = c^a, / = a, g = -\ a (B.3) 



where a = a(X) is an arbitary function of the y l and x^. Using ( |B.3[) in (B^), the latter 
becomes 

[qed 2 e + ffbx^eded^ + r\(de) 2 - \ d 2 rje 2 ]a(X) 

= a [edea(X)} + a o ,i[r ? 0^^a(X)]. (B.4) 

This shows that all terms containing e or its derivatives can be removed from w^ =2 by 
the redefinition to' = to — ao[edea(X) + rjdetp^d^a{X)]. Similarly one can remove all 
terms containing e or its derivatives. Hence, without loss of generality one can assume 
which implies ( 6.31| ) for g = 3. 
5 = 4: Now ojr =i and U2 can depend on the supersymmetry ghosts. One has 



u^ =4 = £ 6 d z £a{X) + e 2 {de) 2 b{X) + £ 6 d 2 ea(X) + e 2 {de) 2 b{X) + edeedec(X). 

The fact that aofid 2 e contains — (l/2)ed 3 r] implies o = 0. Analogously one concludes 
a = 0. The fact that <7o,o<9£ and aofide contain r\d 2 e and fjd 2 e, respectively, implies 
b = 0, b = and c = 0. 
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u>2 is of the form P^(ghosts, Ps' 1 , Px /i )a^(X) where the P A either depend on e 
and its derivatives, or on e and its derivatives. The complete list of polynomials P A 
depending on e and its derivatives is 

rjdrjed 2 £, r]dr](ds) 2 , d 2 T]dr]£ 2 , r\d 2 r\ede, rjd 3 r]£ 2 , 
fjVx tJ "qsd 2 s, fj'Dx fl r](de) 2 ^Vx^drjede, fjVx tl d 2 r]E 2 , 
i]dfjed 2 s, r}df)(d£) 2 ,f)d 2 fj£ds, drjdfjede, d 2 r}df\e 2 ^fjVx^Bfjede, 
r)C i ed 2 e, rjC^de) 2 , drjC^de, d^C^ 2 , dfj&ede, fjVx^ede, C*C*ede, 

Starting with the terms 

ed 2 erjdr j A 1 (X) + {defr]dr]B l {X) + e 2 di 1 d 2 i 1 E 2 {X) (B.5) 



one finds that (BT) implies A\(X) = B\{X) = 2E2(X). Considering the terms 

eder]d 2 7]B 5 (X) + e 2 7 1 d 3 7 1 E 1 (X) + ed 2 'erjfjVx' 1 A^(X) 
+{de) 2 r]fiWB^{X) + ededrfijVx^C^X) + e 2 d 2 r ) fjVx' x E (i ^(X), (B.6) 

one observes that the uq transformation of these terms neither contain 3 k fj or d k e terms 
nor U(l) ghosts. Thus they have to fulfill (BT) separately and one obtains 

BaA X ) = -d li B 5 (X) + dpA 1 (X)-2E 6tli (X) 
AaA X ) = -2d^E x {X)-2E^{X). 



Eliminating the coefficients one finds that flB,5|) + (|B.6| ) can be expressed by 

a (r](de) 2 (B 5 (X) - A^X)) + rjed 2 eEx(X) + ededrjA^X) - 2sdefjW E 6>fl (X)) 
+<ro,i {-vdvdeip^d^A^X) - 2f]r]deVx^i) u d u E^ - ^deVxP^Slp^E^) , (B.7) 

where we have used the on-shell equality ( |6.15 ). Next we consider the terms involving 
derivatives of fj 

ed 2 ej]df)A 2 {X) + (ds) 2 rjdfjB 2 (X) + edefjd 2 fiB 6 (X) 
+ededrjBf]B 7 (X) + e 2 d 2 r]BfjE 3 (X) + ededfjfjWC^X), (B.8) 



which implies via ( B.l ) 

B 7 (X) = 0, A 2 (X) = B 6 (X) = B 2 (X) = -2E 3 (X), 

C^{X) = -8^A 2 (X). (B.9) 

Thus QB.8| ) can be written as 

a (edeBf]A 2 (X)) - a ,i (dsdfj^d^X)) (B.10) 
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and thus be removed from u>2- In the last step we consider contributions containing 
U(l) ghosts, i.e. 

ed 2 er l C i A 3)i (X) + {de) 2 riC i B 3ii {X) + ededrjC* B 8)i (X) + e 2 d 2 r } C l E^ l {X) 

+ededfjC t B 9tl (X) + edeC^Vx^C^X) + ede&Ci B mj {X). (B.ll) 

imposes B\Q^j{X) = B$^(X) = B%^(X) = 0. Furthermore we derive the condi- 
tions 

As,i(X) = B 3ji (X) = -2E Aji (X) C 6 , (li (I)=-9 /1 i 3 , 1 (I). (B.12) 
Using the on-shell equality ( |6. 14f ) , ( |B.11[) can be written as 

a (6deC i A 3)i (X)) 

+*o,i (deC^d^A^X) - derjfj^Vx^n^ - n^G Xi )A 3ji (X)) . (B.13) 

Hence, as in the case g = 3 one finds that ( |B.1| ) implies 0J2 = cr (. . . ) + <7o,i(- • • ) which 
implies ( |6.31|) for g = 4. 

C Analysis of Bianchi identities 

In this appendix we summarize briefly the investigation of the Bianchi identities for two- 
dimensional supergravity coupled to Maxwell theory. The starting point is the structure 
equation 

[V A ,V B } = -T AB C V C - RabSl - Fab%, (C.l) 

where [•,•} denotes the graded commutator, {T>a} = {T> a ,V a } contains the covariant 
derivatives T> a and covariant supersymmetry transformations V a , 5l = (l/2)e ab l ab is 
the Lorentz generator and Si are the U(l) generators (represented trivially in our case). 
The "torsions" Tab° , "curvatures" Rab and "field strengths" F AB % are generically field 



dependent and determined from the Bianchi identities implied by (C.l). Using the 
constraints ( |2.5| ) and Q2,6| ) one obtains for the torsions 

T a/3 a = 2i(^ a C) a(3 

Ta^ = \S{la)l3 a 

T ab a = {e ab (C^V p S, (C.2) 

where S is the auxiliary scalar field of the gravitational multiplet. For the curvatures 
one obtains 

R a /3 = iS(j*C) a/ 3 

Raa = ^{rfal*)a P T>pS 

R ab = \e ab (S 2 + V 2 S), (C.3) 
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and the field strengths are given by 

iV = 2i(7„C) a ^ 

F a J = (7a)/A^. (C.4) 

The super symmetry transformations of and F* b turn out to be 

= -(ibVa^a + i-faVbX^a + leabVaS^ + leabS^JXl (C.5) 

Introducing the corresponding connection 1-forms and proceeding along the lines of | |14| 
one identifies the covariant derivatives T> a in terms of partial derivatives and connections, 
and the curvatures, field strengths and torsions with two lower Lorentz indices in terms 
of the connections and the other field strengths. Owing to the constraint T a & c = this 
yields the expression ( |2.2| ) for the spin connection. Furthermore one obtains 

Fj = E a n E h m {d n J^ m - d m J^ n ~ (XmlnX) + (XnJmX) ~ 2i( Xm7 *C X n)^) 

and the expression for T a b a can be used to express the supersymmetry transformation 
of the auxiliary field S as 

V a S = Ai(^C) a pe nm V mX n - i{l m C) apX JS. 

The full BRST transformations ( |2.lD , (|2.3| ) and ( |2.4| ) are then obtained by adding the 
Weyl transformations by hand and imposing s 2 = on all fields. To achieve this in 
an off-shell setting, one introduces the super- Weyl symmetry on the gravitino and the 
gaugino and the local shift symmetry of the auxiliary field S. 

D BRST transformations of superconformal tensor fields 

This appendix collects the BRST transformations of the superconformal tensor fields 
and corresponding ghost variables derived in section [3|. The transformations of the 
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undifferentiated fieids read 



si] = r/di] — ee 

sfj = fjdfj — ee 

se = r\de — \ edrj 

se = fjde — \ edfj 

sC l = ■qfjF + r]eX + fjeX + £0 

sX M = ( V V + fjt>)X M + eip M + eij M 

s^ M = (rfD + fjV)ij M + \ Br,^ M + eVX M - eF M 

sip M = (rfD + fjV)ip M + \ Bf}ff M + eVX M + eF M 

sF M = (rfD + fjV)F M + \ (Br, + Bfj)F M + eDf) M - eDf: M 

sft = (rfD + fjf>)ft + \{di] + Bfj)ft + eA* + eX 

sX = (rjD + fjD)X + (dr) + \ Bfj)X + eDft + eF + deft 

sX = (rfD + fjD)X + (\Brj + Bfj)X + eDft - eF + Be ft 

sF = (rfD + ffD)F + (dr] + Bfj)F - eDX + eDX - BeX + BeX 1 

The s-transformations of covariant D or D derivatives (of first or higher order) of a field 
are obtained by applying 2?'s and/or P's to the transformations given above, using the 
rules T>rj = Br], T>fj = 0, T>e = Be, De = etc, as well as [D, D] = 0. E.g., one gets 

sVX M = (rfD + fjD)DX M + BrfDX M + eD^ M + eD^ M + Betp M 
sDX M = (rfD + fjD)DX M + BfjDX M + eD^ M + eDf) M + Befp M 
sDDX M = (rfD + fjD)DDX M + (Br) + Bfj)DDX M 

+eDDif M + eDDff M + BeD^ M + BeDff M 
sDip M = (rfD + fjD)Dif M + | Br]Dip M + ^ B 2 rjip M 

+eD 2 X M + <9ePX M - eDF M 
S D4) M = (rfD + fjD)Dff M + § drp^ + \ B 2 fjf) M 

+eD 2 X M + Bet>X M + ePF M 



= {jfD + fjD)Dfj M + \ Br]Dfj M + df?£>V M 



2 



+e£>£>X M - BeF - eDF 
sD4> M = (r]D + f]D)D4> M + Br]Dfl) M + \BfjD4> 
+eDDX M + BeF M + eDF M 
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E BRST transformations of superconformal antifields 

In this appendix we present the full s transformations of the superconformal antifields 
associated with the matter and gauge multiplets, using the following notation: 

Gmn ■= H( MN )(X) 

A := Di(X) 

^knm '■= 9kHmn{X) — OmHkn(X) + OnHkm(X) 

= 2Tknm — Hknm (Hrnm = 3d[ K H NM ]) 

Rklmn '■= Bm 9[k Hl] tv (^0 ~~ dNd^ K H L ] M (X) 

= \ ipK^LMN — QlS^KMn) = \ {Qm^KNL ~ Qn^KMl)- 

&knm and Rklmn enjoy the following properties: 

^KMN + ^KNM = ^MKN + ^NKM = 28kGmN 

Rklmn = —Rlkmn = —Rklnm , B[jRkl]mn = 0- 

The full BRST transformations of the undifferentiated superconformal matter antifields 
are 

sf m = -ftd M Di + 2G mn f n + i> K $ N n KNM 

+{ V V + fjV)F M + \ (dr) + Bfj)F M - e^ M + e^m 

s^m = \ i d M D i + $ N j> i d N d M D i + 2GMN'Dip N 

+VX N ^ K n KNM - F N ^ K n MKN - ^ k ^ n ^ l Rkmln 
+( V V + t)VWm + (5 drj + Bfj)r M + eX* M + eDF* M + dsF* M 

si> M = -\ l d M D l -^ N &d N dMD l + 2GMNV4> N 

+VX N i; K n NKM + F N ij K n KMN + ij K ^ N Rlkmn 
+( V V + f)VW M + {drj + \ 8fj)4> M + eX* M - eVF M - deF* M 

sX* M = -2G M nVvx n - vx K vx L n KLM + F K P L n MKL 
+v^ k ^ l ^mlk - i> K v^ L n KML 

+VX N ^ K ^ L R NM LK+VX N il, K ^ L R LKNM 
+F N ii, K i> L d M n KLN + \ ^ K ^ N ^ L d M R K RLN 
+Fd M Di - (^V - Y^A* + F N 4> i + ^ N ^ K ^d K )d N dMDi 
+(r l V + fjV)X M + (dr l + df})X M 
+eV^* M + eD^* M + detf; M + deip* M 
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The s transformation of the superconformal antifields for the gauge multiplet read 

sX* = $ M d M Di 

+( V V + fjf>)X* + \ BfjXt + ecj>t - eA\ 
s\* = -^ M d M Di 

+{rfD + fjV)X* + \ d V X* + e<t>\ - sA* 

+ {r,V + fjV)(t>* + \{dri + 8fj)<% 

+eVX* + sDX* - eeC* 
sA* = -VX M d M Di 

+ (rjV + fjV)A* +drjA* 

+eDX* - eVX* - del* - eeC* 
sA* = t)X M d M D i 

+(rjV + fjT>)A* + 8fjA* 

+eVX* - sDX* - BeX* - eeC* 
sC* = -VAt-VA^ + (rp + ffD)Ct + (dr, + Bfi)Ct 

The BRST transformations of covariant derivatives of the covariant antifields (such 
as sVX* M ) are obtained from the above formulae by means of the rules described in 
appendix |fj|. 
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